Abstract. In this paper we introduced a projection fuzzy associative memory (PFAM) based on complete inf-semilattice (cisl) derived from complete lattice [0, 1] n by using reference function is called a semilattice based projection fuzzy associative memory (SL-PFAM). Since the PFAM project to input pattern into the set of all max-C (C means conjunction) combination of the fundamental memories set. In experimental section, we compare the performance of SL-PFAM using fuzzy morphological associative memories (FMAMs) as reference functions for the reconstruction of gray scale images that were incomplete patterns and corrupted by different types of noise.
2 out of a gray-scale associative memory model called morphological associative memory (MAM) [9, 10] . In fact morphological associative memories perform elementary operations of mathematical morphology (MM) in a complete lattices. Now recently, MM was extended from complete lattices to complete inf-semilattices (cisl) by using reference function. A complete inf-semilattice is a set in which every arbitrary subset has an infimum (but not necessarily a supremum exist).
In this paper in section 3, we introduced a semilattice projection fuzzy associative memory (SL-PFAM) based on complete inf-semilattice derived from complete lattice [0, 1] n , which project to input pattern into the set of all max-C combination of the fundamental memory set. Finally, in experimental section we compare the performance of the SLPFAMs using the min-D FMAM, max-C FMAM and max-C PFAM (C and D stand for conjunction and disjunction) as reference functions for gray scale images reconstruction.
Some Mathematical Background
Let L and M be complete lattices. Consider two arbitrary operators ε : L → M and δ : M → L are erosion and dilation if and only if they commutes respectively with the infimum and supremum operations for every subset X ⊆ L and Y ⊆ M:
Erosion and dilation are increasing operators, i.e., ∀ x, y ∈ L, if x ≤ y then ε(x) ≤ ε(y) and δ(x) ≤ δ(y), ∀x, y ∈ M. The erosion and dilation are related by the notion of adjunction [4, 11] . Thus the pair (δ, ε) is an adjunction from L to M or that ε and δ are adjoint if and only if we have
The process of adjunction is of fundamental importance in mathematical morphology since it allows to define a unique dilation δ assoicated to a given erosion ε. Recently, Heijmans and Keshet [5] was developed self-dual morphology based on inf-semilattices. According to Heijmans and Keshet, the set L becomes a complete inf-semilattice (cisl) if we choose an arbitrary reference element r ∈ L and use the following partial order:
The corresponding infimum in (L, r ) is r i∈I
The ordering r coincides with the usual ordering in Boolean lattices. In case of complete inf-semilattices (L, r ), where the infimum is defined but the supremum is not necessarily so, it is only possible to have the same side of reference function. The 3 class of fuzzy sets in X will be denoted by F(X) = [0, 1] X . Note that fuzzy set theory can be used for the design of image operator since an image f : X → [0, 1] can be interpreted as a fuzzy set of X. From now on, an image f ∈ F(X) will be called fuzzy image. Since by the partial ordering on [0, 1] induces a partial ordering on F(X) also complete lattice. If we select a reference function r ∈ F(X) and use the partial ordering f r g define as f (x) r g(x) for all x ∈ X, then (F(X), r ) becomes a cisl.
The positive part (f − r) + and the negative part (f − r) − of f − r for all f, r ∈ F(X) are respectively defined by (f − r) + = (f − r) ∨ 0 and (f − r) − = −(f − r) ∨ 0, where 0 denotes the null element of the F(X). The elements (f − r) + and (f − r) − of the F(X) are disjoint fuzzy sets, i.e., (f − r) + ∧ (f − r) − = 0. Let us recall the following partial order r on F(X) into a cisl [5] .
Proposition 2.1. Consider the binary relation r on F(X) = ([0, 1] X , r ) that is defined as follows:
+ and (f − r)
We have that (F(X), r ) is a cisl whose least element is r. The infimum of an arbitrary subset
Moreover precisely, (f r ) denotes f − r for all f, r ∈ F(X). Note that f r g is equivalent to having both (f r ) + ≤ (g r ) + and (f r ) − ≤ (g r ) − . This observation leads to the above expression can be written as:
2.1 Some Basic operations of fuzzy set theory Some particular fuzzy implication and fuzzy coimplication, which were introduced by Gödel, Goguen, and Lukasiewicz can be found below [1] respectively:
Furthermore, a fuzzy conjunction and a fuzzy implication, as well as fuzzy disjunction and a fuzzy coimplication can be related by means of a fundamental concept of mathematical morphology called adjunction [1] .
Definition 2.3.
A fuzzy conjunction C and a fuzzy implication I form an adjunction if and only if C(z, ·) and I(·, z) are adjoint for every z ∈ [0, 1] i.e.
Similarly a pair (D,Ī) forms an adjunction if and only if
Thus the pairs
are the examples of adjoint operators.
Let us recall the fuzzy matrix products that can be used to describe several FMAM models [13, 12] . The above fuzzy operations C, D,I andĪ can be combined with maximum or the minimum operation to yield the following matrix product. We recall the max-C product and min-D product of A ∈ [0, 1] m×k and B ∈ [0, 1] k×n are respectively denoted by E = A • B and G = A • B as follows:
Similarly, the min-I product and the max-Ī product denoted by H = A B, K = A¯ B respectively given by the following equations:
Note that,Ī represent fuzzy coimplication that form adjunction with fuzzy disjunction D.
Brief review on the min-D FMAMs and the max-C FMAMs

Min-D FMAMs;
Let us recall the min-D fuzzy morphological associative memories corresponds to a single layer fuzzy neural network (FNN) with neurons that compute the minimum of fuzzy disjunction operation. 
Max-C FMAMs, the negation of min-D FMAMs;
In this subsection we can also formulate, a max-C FMAMs by using max-C fuzzy matrix product. Let W ∈ [0, 1] m×n denote the synaptic weight matrix. Given an arbitrary fuzzy input pattern
n , then we compute the corresponding fuzzy output pattern y ∈ [0, 1] m as follows;
where the symbol, " • " denote a max-C product as defined in Eq. (14). Thus the operator W yields a FMAM model if and only if the corresponding fuzzy conjunction corresponds to a dilation in the second argument. In this case, the associative mapping
Semilattice based Projection Fuzzy Associative Memory (SL-PFAM)
In this section, we introduce a semilattice projection fuzzy associative memory (SL-PFAM) based on the cisl derived from [0, 1] n . For this let us recall the projection max-C fuzzy associative memory (PFAM) defined by Santos and Valle [2] , i.e., the max-C PFAM which project to input pattern in the set
of all combination of max-C of the fundamental memories set X = {x 1 , . . . ,
n determined by the following equation:
Such as the min-D FMAM, the PFAM also exhibit perfect recall of corrupted or incomplete version of patterns if and only if the fuzzy conjunction is associative as well as has a right identity. The advantages of V has excellent absolute storage capacity, one step convergence if employed with feedback. On the other hand, the PFAM is more suited for the reconstruction of patterns corrupted by dilative noise, but it is unable to deal with arbitrary noise. Consider adjoint operators C and I, then can be expressed the outputs V(x) and η ξ by means of max-C and min-I products as following;
for input pattern x ∈ [0, 1] n . More generally, we define the following theorem which represent a SL-PFAM based on cisl derived from [0, 1] n by using reference function ρ :
n , that is guaranteed to yield perfect recall of the original patterns if the reference function recall the original patterns.
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Theorem 3.1. Consider an adjunction (C, I) and fuzzy conjunction is associative as well as has a right identity. Given a fundamental memory set X = {x 1 , . . . ,
n based on semilattices be define as:
If ρ(x) = x ξ for all ξ = 1, . . . , k. Thus V ρ yields perfect recall of the original patterns i.e., V ρ (x ξ ) = x ξ ∀ξ = 1, . . . , k. For an arbitrary input pattens x ∈ [0, 1] n , the output pattern satisfying the following relationship;
Note that, in particular the M, W and V used as reference functions in following subsection.
Simulations in Gray-Scale Images Reconstruction
In this section we perform some experiments using the eight images i. 
Figure 1: The top row shows distorted, incomplete and corrupted versions of the original images. The bottom rows depict the images that were recalled by V L V , V L W and V L M . 
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Conclusions
We presented a projection fuzzy associative memory on semilattice derived from complete lattice [0, 1] n using reference function, with an application for the reconstruction of gray-scale images.
